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On Enumerating Feasib.

e Permutations for Rank

Modulation Codes in DNA storage via Hyperplane
Arrangements

Reza Sobhani, Farzad Parvaresh, Alireza Abdollahi, Farzaneh Abedi, Javad Bagherian,
and Maryam Khatami

Abstract—For a directed graph (G with edge set
11,2, k}, a feasible permutations for GG is a permuta-

a a4

tion m on {1,2,....k} such that there exists an injective
weight function p: {1,2,...,k} — Z" for which the sum
of the weights of all incoming edges equals the sum
of the weights of all outgoing edges at every vertex
of GG, provided that if p(i1) < p(i2) < --- < p(ix), then
m(i;) = t for every t € {1,....k}. In this paper, we
study the number of feasible permutations (denoted
by F,;¢) for the De Bruijn graph G, ¢_1, where q > 2
is the size of the alphabet. In the case ¢ = 4, the
corresponding De Bruijn graph is used in DINA data
storage. To enumerate these feasible permutations, we
establish a connection between feasible permutations
and regions in a special hyperplane arrangement, de-
noted by .A. Using Zaslavsky’s formula, we present some
numerical results and obtain the exact number of F3-
and Fj»>. Since the formula becomes complicated for
larger values of g and {, we concentrate on the case { = 2
and then by counting the regions in a hyperplane sub-
arrangement of A, we provide a lower bound on F, 2. We
compare our bound with the latest lower bound on F, ;
and show that our bound is €(¢°.J(¢)) while the previous

one is Q(q"J(q)), where J(q) = (¢° —2¢+1)X(q")!/(¢" — ).

Index Terms—DNA storage, Rank modulation, fea-
sible permutation, hyperplane, arrangement.

[. INTRODUCTION

N recent decades, DNA-based data storage has gar-
nered significant attention as an alternative to tra-
ditional digital storage due to its exceptional data den-
sity and long-term stability [5], [12], [3]. This innova-
tive approach has considerable interest as it promises to
revolutionize the way data is preserved and accessed in
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the future. Although DNA storage system has garnered
significant interest, challenges such as high costs, slow
read speeds, and errors in DNA synthesis and sequencing
remain [10]. Improving these limitations is crucial for
wider use of DNA-based data storage.

The DNA storage process involves two main stages:
writing and reading. In the writing process, digital in-
formation is converted into DNA sequences through a
simple mapping, followed by DNA synthesis, a biochemical
procedure [12]|. Then, the DNA storage channel takes these
synthesized macromolecules string as its input and the
information is then retrieved in the reading process. One
commonly employed technique in this process is shotgun
sequencing [8]. In this method, long DNA strands are
fragmented into numerous shorter subsequences, which
are sequenced individually. The original sequence is re-
constructed by identifying overlaps between these subse-
quences.

The read of these subsequences, known as f-grams, is
used to construct a profile vector, which represents the
frequency and distribution of nucleotides (or other relevant
features) within the sequence [6]. Utilizing profile vectors
in shotgun sequencing enhances the accuracy, efficiency,
and data density of DNA storage systems.

Although the synthesis of DNA molecules has led to
significant advancements in storage technology, the DNA
storage channel introduces unique error patterns distinct
from digital counterparts. These include substitution er-
rors, which arise during synthesis (writing) and sequencing
(reading), and coverage errors (see [6]). Therefore, to
maintain reliability in reading and writing, similar to those
in classical coding theory, new encoding schemes must be
propose. In [6], various error correction mechanisms have
been proposed, including Rank Modulation codes, which
serve as one of the key approaches to addressing these
errors. This scheme evaluates whether the frequency of a
specific substring in a given DNA sequence exceeds that
of other substrings. Consequently, codewords are consid-
ered as permutations with a defined distance, referred to
as feasible permutation, that preserve the order of the
entries in the profile vector of the DNA sequence. Clearly,
generating permutations requires the entries of the profile
vector to be distinct.

Among all permutations, distinguishing feasible permu-
tations and determining the number of these permutations
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is a significant problem. Following the work in [6], in [9]
and [1], the De Bruijn graph is used to analyze a DNA
string over an alphabet of size ¢ and order ¢ (where order
¢ represents the length of the subsequences). In [6], by
considering the necessary conditions for the feasibility of
a permutation, a lower bound for the number of feasible
permutations is presented. Furthermore, a technique for
determining the feasibility of a permutation and an en-
coding algorithm were developed. In [1], by considering
the balance constraint of the De Bruijn graph, optimal sys-
tematic codes for feasible permutations are provided, along
with an algorithm for constructing these codes. Moreover,
a lower bound on the number of feasible permutations is
presented in [1|, which improves upon the lower bound
presented in [6].

In this paper, by analyzing the null space of the De
Bruijn graph and finding a basis for the null space, we
present a constraint for the feasibility of a vector. Then,
by establishing a correspondence between feasible permu-
tations and points in the geometric space corresponding
to hyperplane arrangement, we compute the number of
feasible permutations as rank modulation codes. Further-
more, we present a lower bound on the number of feasible
permutations that is an improvement over the lower bound
presented in [1].

The paper is organized as follows. In Section II, we
present definitions and preliminaries, including rank mod-
ulation codes as feasible permutations, hyperplane ar-
rangements, and the construction of the base matrix of
the null space of a graph, used throughout this paper.
Section III focuses on constructing a base for the De
Bruijn graph in the case ¢ = 2 (i.e., G,2), providing a
bijection between feasible permutations and the geometric
space of an arrangement. It also presents an algorithm for
enumerating the number of all feasible permutations. In
Section IV, we propose a new lower bound for the number
of these permutations and show that our bound is an
improvement over that given in [1].

II. PRELIMINARIES

In this section, we introduce essential definitions and
preliminary concepts to provide a foundation for the main
content. We discuss DNA sequences, profile vectors, De
Bruijn graphs, feasible permutations, hyperplanes and
hyperplane arrangements. We also present a method for
calculating the null space of a directed graph. Recall that,
in [9], [1] and [6] it is suggested that information can be
encoded in the profile vector of the DNA sequence.

A. Feasible Permutations

Throughout this paper, let ¥ be an alphabet with size
q > 2, equipped with a fixed total order. In what follows,
for a positive integer n, an element of X" is called a
string of length n. We assume that ¥¢ is equipped with
lexicographic (alphabetical) order induced by the order
on Y, which we denote by <;. We further assume that
¥ = {wi,...,wye} such that wy <p wy <p ... <p wge.

We define ©f := 2\ {a® : @ € X}, where a'®) denotes
the string consisting of £ repetitions of a.

For example, if ¥ = {4, C, G} with the order A < C <
(:, then
¥? = {AA AC,AG,CA,CC,CG,GA,GC,GG}, where

AA & AC <7 GG, and, 32 =
{AC, AG,CA,CG,GA,GC}. We also denote by [n], the
et {1,090}

For each string s, a profile vector p,y is defined as
follows:

Definition I1.1. /1] Consider a string s = sg---Sp—1 €
¥
¥". The profile vector p,, € (NU{0})* of s with order ¢

is defined as a non-negative integer vector, indexed by the
set Bt = {wy, wo,..., wye }, such that:

Vk € [q‘f},

where the indices are taken modulo n. In other words, the
profile vector

ps.e(wk) = |[{t € [n]|sisit1 - Site—1 = Wi},

shows the frequency of each substring of length ¢ appearing
in s (cyclically). FEach substring wy. of length £ is named
window of length € in s ((-gram). We say that the vector x
is feasible if there exists a finite string s over the alphabet
». such that x is the profile vector of s, i.e. psy = x.

Example I1.2. Let¥ = {A,C,G,T} (q = 4) and consider
the following string:

§=TTTTTTTTTTTTGTGTGTGTCTCTCTCTATAT

AGAGAGCGOGOGOGGEEGGEIGGOEGGEETE
TGTGTGTGTATAAAAAAAAAAAAAAAATCT

CTCTCTGCGTCGTACGTCTAGACGTGCAT,

the profile vector of s of order £ = 2 in which the indices
of the profile vector are in lexicographic order is as follow:

AA AC AG AT CA CC CG CT GA GC

poa= (15 2 4 5 1 0 8 9 3 G
' GG GT “TA T T& TT
13 14 7 10 i R

In the context of Rank modulation codes, a significant
challenge is identifying the necessary conditions for the
feasibility of a vector. Specifically, the aim is to determine
which vectors with distinct elements are feasible. In [1].
the De Bruijn graph has been used as a suitable tool to
check the feasibility:.

Definition I1.3. The De Bruijn graph of order £ > 1
over an alphabet X of size q, denoted by G, ¢, is a directed
graph with the set of vertices V (G, ¢) and the set of edges
E(G, ), where V(G, ) = X*, and

E(quf) S {(ﬂﬂﬂlt rrrlp_1,Q1Q2 " " ﬂf) | a;€ X, 0Li< f’}-

In other words, each directed edge in the De Bruijn graph
connects the verter agay ...ay—1 to the verter ajas...ay.
We denote the edge e from verteragay ...ar—1 toayas . ..ar
by e = apgaqas ... ay

Notation: Consider the De Bruijn graph G,¢—1 and a
vector x, indexed by substrings in ZE. The vector x is used
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to assign weights to the edges of GG, ¢—1, and we denote the
resulting weighted graph by G, ¢—1(x).

As shown in [1], a vector z is feasible (i.e., it equals the
profile vector of some string s € X", for some n) if and
only if the graph obtained from Gy ¢—i(z) by replacing
each edge of weight w(e) with w(e) parallel edges contains
an Eulerian circuit (i.e., a tour passing through each edge
exactly once). Note that if w(e) = 0, the corresponding
edge is omitted.

A weighted digraph is balanced if, for every vertex v, the
total weight of the incoming edges equals the total weight
of the outgoing edges—that is, w(Ein(v)) = w(Eout(v))-

Lemma I1.4. [1] The vector z € (NU{0})Z' is feasible if
and only if Gge-1(x) is balanced;

Proof. The vector x is feasible if and only if the multi-
graph derived from G, s—i(z) where edge multiplicities
are assigned according to x, admits an Eulerian circuit.
This occurs if and only if, for every vertex v in G, o1 ().
the total weight of incoming edges equals the total weight
of outgoing edges, ie., w(Ei,(v)) = w(Esu(v)). This
condition ensures that G, ¢—1(x) is balanced. ]

Example II.5. Let ¢q = 4 and ¢ = 2. Figure 1
presents the De Bruijn graph Gii(x) for feasible vector
r = (15,2,4.5,1,0.8,9,3,6,13,14,7,10,11,12) as shown
in Example I1.2. As the figure shows, each vertex v in the
graph is balanced.

Fig. 1. The weighted De Bruijn graph G4 1(x) corresponding to
vector x = (15,2,4,5,1,0,8,9.3,.6,13,14,7,10,11,12), which was
introduced in Example I1.2.

In the rank modulation method, instead of using the
profile vector, permutations preserving the order of entries
of that vector, are used. In this representation, clearly, we
need that the entries of the profile vector be distinct. Let A
be a finite set. We denote by S 4 the set of all permutations
on A. Each permutation m € 54 may be viewed as a
bijection A — [|A|] that assigns to each element of A
its unique rank in the ordering defined by .

Definition 11.6. [1] Let m € Sx¢ be a permutation and
£
r € (NU{0})* be a vector indexed by the elements in X°.

We say that x satisfies mw, denoted as x = 7, if the entries
of x are distinct and the following relationship holds:

m(w) < m(w') = z(w) < z(w'), Vw,w' € X°.

Definition I1.7 (feasible permutation). The permutation
T € Sy is called feasible if there exists a feasible vector x €

(NU {[}})E!E such that x &= 7. Equivalently, w is feasible if
there erists a string s € £ (for some n) such that p, ¢ = .

Example I1.8. Consider the feasible vector = =
(15,2,4,5,1,0,8,9,3,6,13,14,7,10,11,12) introduced in
Example I1.5. The feasible permutation corresponding to
T 18

Ad AC AG AT A ©¢ €& T GA @&C

= [16 3 5 6 2 1 9 10 4 T
GG GT TA TC TG TT

14 15 8 11 12 13]

Following previous work, we denote the set of all feasible
permutations over ¢ by ®,, and the size of ®, 4, by F, ;.

B. Hyperplane Arrangements

Let K be a field and V' be a vector space of dimension n
over K. In fact, as vector spaces, we have V' = K™. A linear
hyperplane is a subspace of dimension n — 1 in V', which
divides the space V into two half-spaces [11]. For any linear
hyperplane H, there exists a vector a € V such that H
can be represented as H = {z € V | az! = 0}; here a is
a normal vector and the offset is zero. A general or affine
hyperplane J in V is a translate of a linear hyperplane H,
ie., J={z €V | ar? = b}, where b is a nonzero offset.

Definition I1.9. [11] A finite hyperplane arrangement
A for V', is a finite set of hyperplanes in V. A central
arrangement is an arrangement where all hyperplanes are

linear. The dimension of A, denoted by dim(.A), is defined
to be dim(V') = n. The rank of A, denoted by rank(A), is

the dimension of the space spanned by the normal vectors

of the hyperplanes in A.

In the rest of the paper, we consider the case where
K = R. In this case, a region of an arrangement A is a
connected component of X, where X is the complement
of the union of hyperplanes in A, i.e.

X=Vv\ |J H
HeA
Let R(A) stand for the set of regions of .A. We denote by
r(A) the size of R(A), i.e.

r(A) = [R(A)].

As a well-known example of hyperplane arrangement,
we mention to the braid arrangement B,, in V = R", con-
sist of (g) hyperplanes w; j, where w; ; = {(z1,...,2,) €
R™ | z; — z; = 0} = ker(e; — e;), where e; is the ¢-th unit

vector for any t € [n].
Corollary 11.10. [11] We have r(B,,) = n!.

Proof. A point (zy,zs,...,x,) € R™ lies on one side of

the hyperplane w; ; (where points on w; ; satisty z; = x;
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) if and only if it satisfies either z; < z; or z; > z;.
Consequently, by considering all hyperplanes {w;; | 1 <
i < j < n}, each region R € R(B,,) consists of points with
a specific order, i.e. we have:

VR e R(Bn) g €8y,
Ve €ER, T,01) <To2) < < To(n)

5.1

In other words, each permutation ¢ € 5,, corresponds to
a region, and the points within this region are ordered
according to o. Therefore r(B,) = |S,| = n!. |

In general, the number of regions formed by a hyper-
plane arrangement 4 is given by the Thomas Zaslavsky
formula.

Theorem 11.11. [11, Theorem 2.5] Let A be an arrange-
ment in a n-dimensional real vector space V. Then we have

r(A) = (=1)"xa(-1), (1)

where

Z (_1)|E|tﬂ—rm:k{3}.

BC . A

B iz central

XA(t) :=

Z (_1)|B|—TEHE{B) *

BCA

B central

Lemma I1.12. Let T : V — R™ be a bijective linear
transformation, where V is a n-dimensional real vector
space. Let A be an arrangement of hyperplanes in V. Then

T(A) is an arrangement in T(A) and r(A) = r(T(A)).

Equivalently we have r(A) =

Proof. Let A = {H,,...,H,} be an arrangement of
hyperplanes in V. Since T is a bijective linear transfor-
mation, each image T'(H;) is a hyperplane in R™. Hence,
T(A) ={T(H.),...,T(H)} is a hyperplane arrangement
in R".

Let U := Uf’:l H; and U’ = U?=1 T(H;). Since T is
bijective and linear, then both 7" and T'~! are continuous,
and therefore T" is a homeomorphism (continuous bijection
with continuous inverse [7]). In particular, 7" preserves
connectedness.

The regions of A are the connected components of V' \ U,

while the regions of T'(A) are the connected components

of R™ \ U’. Since T'(U) = U’, the restriction
T |V'\U: V\l U— R" \ UJT

is a homeomorphism. Consequently, it induces a bijection
between the sets of connected components. Hence,

r(A) =r(T(A)),
which completes the proof. [

C. The Null Space of a Directed Graph

In this section, we consider a directed graph G and
its associated incidence matrix M. Inspired by the work
presented in [2] and [4], we propose a method for finding
a basis for the null space of the incidence matrix M.

Definition I1.13 (Incidence Matrix). The incidence ma-
trivr Mg of a directed graph G is defined with rows corre-
sponding to vertices and columns to edges of G. The entry
Mgli, j| of Mg is -1 if the i-th vertez is the initial vertex of
the j-th edge, 1 if it is the terminal vertex, and 0 otherwise.

For example, the following matrix is the incidence ma-
trix of the De Bruijn graph G4 ;. Since loop edges are both
input and output edges of the same vertex, we consider the
entries corresponding to loop edges of each vertex to be
zero. Note that the vertex set and the edge set of GG41 are
¥ and X2, respectively, which correspond to the labels of
the rows and columns of Mg, , shown in Figure 1I-C.

Definition I1.14 (Null Space). The null space of a matrix
A € R™*" is defined to be the set of all vectors x € R"
satisfying AzT = 0, where 0 is the zero vector. The null
space of a directed graph G, denoted by ker(G), is defined

to be the null space of its incidence matriz.

The following theorem presents the dimension of ker(G).

Theorem 11.15. [/, Theorems 8.2.1 and 8.3.1] Let G be a
directed graph with the set of vertices V' and the set of edges
E. If G has ¢ components, then dim(ker(G)) = |E|—|V|+ec.

In the rest of this part, we present a method for con-
structing a special basis for ker(G). We assume that G
is a connected directed graph (digraph) with the set of
edges FE. Also, we assume that T is a spanning tree of
(G. The complement of the spanning tree 7', denoted as

E\ T, is referred to as the cotree and is represented by 7.
Accordingly, we define the fundamental cycle as follows:

Definition I1.16 (fundamental cycle). [2] For every edge
a € T of a graph G, there exists a unique path within the
spanning tree T' such that the graph T + a contains exactly
one cycle. This cycle is referred to as the fundamental cycle
of G with respect to T' and the edge a. For convenience, we
denote this cycle by C,.

To find the elements of the basis of ker((G), we consider
a cycle C and define a function that maps the edges of G
to a vector as follows:

Definition I1.17. Let C be a cycle, equipped with a
specified traversal direction. An arc (directed edge) of C
is classified as a forward arc if its direction matches the
traversal direction of C; otherwise, it is classified as a
reverse arc. We denote the sets of forward and reverse arcs
of C by C™ and C—, respectively. Additionally, we define a
function fc: E — {0,%x1} associated with C as follows:

1 ifeeCt
fele)=4< -1 ifeeC” Vee E
0 ifeédC

Let a be an arc in 7. The fundamental cycle C, asso-
ciated with a defines a vector fo_ such that fo_(a) = 1.
For simplicity, we denote this vector by F,. The following
theorem characterizes a basis for the null space ker(G).
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AA AC AG AT CA (CC CG CT GA GC GG GT' TA TC TG

A0 -1 -1 -1 1 0 o0
clo 1 o o -1 o0 -1
Me,n= ¢ lo o 1 o o o 1
T Lo o o 1 o o o0

Fig. 2. The incidence matrix of the De Bruijn graph G4 ;.

Theorem I1.18. /2, Theorem 20.8] Let G be a connected
digraph, and let T' be a spanning tree of G. Then, the set
{Fa: a € T}, which is associated with the fundamental
cycles of G with respect to T, forms a basis for ker(G).

Definition I11.19. Let B be the matriz whose columns are
vectors {Fa : @ € T}. The matriz B is called the base
matriz of ker(G).

The rows and columns of B correspond to the arcs in £
and T, respectively. According to Theorem I1.15, the base
matrix B has |E| rows and |E| — |V| 4+ 1 columns. Let us
give an example.

eb

Fig. 3. An example graph with labeled edges.

Example I1.20. For the digraph G presented in Figure 3
and spanning tree T = {el, e2,e3}, the fundumental cycle
corresponding to the arc a = €5 € T is Cq = {€2,e3,€b}
and the associated function is F.5 = (0,—1,—1,0,1,0,0).
Therefore, by forming the set {F,.,, Fe.s Fees Fe- }, the base

matriz B of the incidence matriz of the graph G is as follow:

ed eb eb eT

el 11 0 0 —17
e2 |1 -1 1 0
el |10 -1 1 1
B= ¢4 |1 0 0 0
ea | 0 1 0 0
eb | 0 0 1 0
e?7 LO 0 0 1

III. THE NUMBER OF FEASIBLE PERMUTIONS

Our idea, for computing the number of feasible permu-
tations, is working with the incidence matrix of De Bruijn
graphs G, ¢_;. In what follows, we will explain the idea in
details.

d 30
0 1 0 0 0 1 0 0 0
—1 0 1 0 0 0 1 0 0
0 —1 —1 0 —1 0 0 1 0
1 0 0 0 1 -1 -1 -1 0

A. The Base Matriz correponding to the De Bruijn Graph

As previously mentioned, to determine the feasibility of
the vector z, we need to check that the weighted De Bruijn
graph G, ¢—1(z) corresponding to z is balanced. Without
loss of generality, we will continue our analysis by focusing
on vectors xr € (R)EE, rather than z € (NU {D})EE.

Definition IT1.1 (Balancing Vector). A wvector x € (H)EE
is called a balancing vector if the weighted De Bruijn
graph G, ¢_1(x) is balanced.

Remark II1.2. (1) According to Lemma II.4, every fea-

sible vector x € (NU{U})EE is itself a balancing vector.
If x, is a balancing vector, then for each ¢ € R=Y the
vectors cxy and ﬂrb—l—? are also balancing vectors with
the same order of entries as in xp, where @ denotes
the constant vector whose entries are all equal to c.

(2)

Lemma II1.3. Suppose Mg, , , is the incidence matrix

of G441, then the vector x € (R)EE is balancing vector if
and only if ﬂf{;q_é_lIT = 0.

Proof. According to the definition of the incidence matrix
(Definition I1.13), the inner product of x with a row of the
matrix Mg, , ,, corresponding to a vertex v of Ggs-1,
equals zero if and only if the sum of the weights of the
incoming edges to v equals the sum of the weights of the
outgoing edges from v. Therefore, M¢_ ,_, 2T = 0 if and
only if G4 ¢—1(z) is balanced, i.e. x is balancing vector. [J

For instance, as shown in Example II.5, the vector
r = (19,2,4,5,1,0,8,9,3,6,13,14,7,10,11, 12) is balanc-
ing vector because Mg, ,z! = 0. According to Lemma
I11.3 and Definition II.13, we conclude that the vector
r € (R)EE is balancing vector if and only if = belongs
to the null space of the incidence matrix Mg , |, i.e.

x € ker(Gg.e-1).

Remark II1.4. Since the entries of x indexed by loops
(e.qg., AA,CC,...) do not affect in balancing the weighted
De Bruijn graph G4 ¢—1(x), we can ignore loops in the graph
Ggo—1. Let (ﬂjq,g_l be the De Bruijn graph G,,_; whose
q loops have been removed. Clearly the incidence matriz
ﬂf@q_f_l can be obtained by removing the zero columns
associated with loop edges of Mg, , ..

We rewrite Lemma I11.3 for Cﬂ;'q,g_l.

Corollary IIL5. Letz € (R)* and 7 (H)if, where the
vector T is obtained from x by removing q entries of the

vector x corresponding to loops. Then:

T = 0.

Mg,, 2" =0 <= Mg
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Proof. The proof follows from the fact that columns of
Mg, , , corresponding to loops are zero vectors. [

Similar to the definition of feasible permutations on the
set of edges of G, ;_; one can define feasible permutations
on the set of edges of G,s—1. We denote this set of
permutations by 'i'q,;. The following Lemma shows the
relation between |®, ;| and |®, .

Lemma IIL.6. We have
- q"!
Fae = |®g,cl ' (2)
q. e ( qf - q)[
Proof. The number of possible positions for loops on each
feasible permutation considered on the set of edges of

£

I i ' I [1, Corollary 3|. Therefore, the
q —49q)

total number of feasible permutations on G, ¢—; (with the

addition of loops) is obtained. ]

Based on Lemma IIL6, for computing F, , = |®, | we
can compute |i1q,;|. Hence we concentrate on the graph
Gg.e—1 instead of G,¢_1. In this regard, we obtain the
dimension of ker((?qi_l) in the following corollary, using

Theorem I1.15.

Corollary II1.7. We have dim(ker(éqff_l)) =gt —q¢t~1 -
gt 1:

Proof. Clearly, (H;'q,f_l has ¢* — ¢ edges, ¢"~! vertices and
is a connected graph. Consequently we can conclude from
Theorem I1.15 that

dim(ker(Gg 1)) = |E(Gqe-1)| — [V(Gge-1)| + 1
=(¢"—q)—¢"1+1
=q¢' —q¢"'—q+1,
as desired. []

Notation: In the remainder of this paper, we focus on the
special case { = 2.

Corollary IT1.8. We have dim(ker(G, ,)) = ¢*> — 2q + 1

Proof. The proof follows directly from Corollary II1.7 and
letting [ = 2. ]

According to Lemma I1I.3 and Corollary 1I1.5, all vec-
tors in ker(l?q:l) are balancing, and all balancing vectors
are in ker(G, ;). Thus to generate ker(G,;), we find a
basis for this space, by applying the method presented in
Section II-C.

Let E = {e;;,1 < i,j < q} represent the edge set of
G,.1 and E=E \ {€i.i,1 < i< q} denote the set of edges
of (’,—:r’q?]. Also, consider the spanning tree T' = {e; ;+1|1 <
i < q— 1} of the graph G,1. Then we have T = E \ T.
Therefore, according to the method presented in Section
[I-C, we construct the base matrix of G ¢.1 and denote it by
B,.1. According to Corollary I11.8, B, ; has ¢* —q rows and
q*> —2q +1 columns. Columns of B, 1, form a basis for the
space ker(éq,l). To represent the matrix in a special form,
we label the first g2 —2g+1 rows and the last ¢ — 1 rows of
B, 1, corresponding to the edges in T and T, respectively.

Specifically, the rows of B, 1 are indexed in the following
fixed order. The first ¢2—2qg + 1 rows correspond to T and
are indexed by e€;415, 1 <1 < g—1 (e2,1,..-,€q4-1),
lollowed. by €;:45, €14, 2 57 <q-1,1 £ 1 £ g—J, that
is,

El,ﬂ! EEfl'.'E‘E._.-iﬂ Eﬁl,?: = miw Eq—?,q: Eq,q—?-: E].:I'll'.' Ed._.]! SR E],q'.' Eq_.l'

The last g—1 rows correspond to T and are indexed by
€itls 1 £ 3€ qg— 1 (e19,:«5€;-14) The columng are
labeled according to the same index order as the first
g°> — 2q + 1 rows corresponding to 7. With this indexing

method, the basis matrix B, ; would be of the following

form.
J!'-;'2-2~;'+1
/] | D |’

where D is a (¢ — 1) x (¢ — 3¢ + 2) matrix.

Bq:l =

Remark II1.9. Note that the columns in the submatriz
D correspond to the indices €; i, €ivji, 2 < 7 < q—1,
1 < i < g—j. The nonzero eniries of the i-th row of D
correspond to the fundamental cycles C,, where

GE {Eryabaygs | 258§~ 3 2§54~}

such that e;;+1 € Ca. Clearly, if e;i41 € Ce,,,. , then
eii+1 € Ce,, ., - Since €;i1j and e;y;; have reverse di-
rections, according to Definition I1.19, their corresponding
entries in the i-th row of D are —1 and +1, respectively.

Therefore, each row in D contains equal numbers of entries
+1 and —1.

Example IT1.10. Let ¢ = 4 and T = {e12,e23.€34}-

—

Then the base matriz for ker(Gy4,1) has the following form:
By, =

g : €4.3 1,3 3.1 £2.4 €4,2 €1.4
ex 1 - 1 0 0 -

e3 o 0 1 0
€4.3
€] 3 : . 0
€3,1 0

€2.4
€4.2
€1.4
€4.1

0 =1
0 =1

e1,2
€2,3
€3.4

=1 =1
) | 1 =1

'_I.

0
1
1
1
1

oo | o
= = o |
i

(3)

B. Enumeration of Feasible Permutations via Hyperplane
Arrangements

In what follows, by examining the structure of ker( & a1l
we propose a method for computing |®, 2| and then con-
clude the number of feasible permutations for £ = 2, i.e.

Fq=2 =[ ‘I’q?g |

Lemma II1.11. Consider = € (R)Eﬂ and let B, be the

base matriz of ker(é'qi). If = is balancing, then there exists
: ,
a vector a € R? ~29%1 | such that z = B, a’.
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. As
T:

Proof. Consider G41 and its incidence matrix Mg :
) g

stated in Corollary 111.5, if x is balancing, then M G, JI

-

0 which yields x € ke&‘(Gq,l). In other words, if B, ; is the
base matrix of ker(G,.1), then = can be expressed as a
linear combination of the columns of B, ;. Therefore,

T

o= (atnnte v ) slz—=Baa s

[]
By
Jirun;'2—2u|;'+1

Tz |

section, each balancing vector z = B, 1a! € ker(G,,) is
of the form

considering B,; in the form B, ; =

D ], as discussed in the previous

(4)

where, each f!, i € [¢ — 1], is a linear combination
of the components aj,...,a,2_29,4;. For instance, f;i,
corresponding to the 10th row of the base matrix B, ;
presented in Example II1.10, can be written as fi =
] — (4 + 5 — g + Q.

As mentioned before, in the rank modulation scheme,
we focus on feasible vectors with distinct entries. To this
end, we consider balancing vectors of the form = = qull’l'T
whose entries are distinct. To investigate the distinction
between entries, we define the following sets:

W;.; := ker(Gq1) Nker(e; — e;),

e (ﬂ']_,. . 1ﬂq2_2q+11f{},f§= e v ey ;?_1)._,

1<i<j<¢’ —q,

(5)
where e, is the t-th unit vector for any ¢ € [¢? —q]. We note
that, according to Corollary II1.8, the dimension of the real
vector space V := ker(Gg.1) is ¢*> — 2¢ + 1. Since ¢ > 3,
there exists a point p € ker(e; —e;) such that (ﬂi’qfl (p) is not
balanced, i.e. p ¢ ker(G, ). Thus, ker(e;—e;) € ker(G,.1).
Therefore, each W; ; is a linear subspace of V' of dimension
g2 — 2g, and hence is a linear hyperplane.

Lemma II1.12. A balancing vector x € (R)iz has distinct
entries if and only if:

T E ker(éq,l) \ U

1<i<j<q*—q

Wi ;. (6)

Proof. The vector x is balancing if and only if z €
ker(Gg.1), the proof follows easily from the definition of
hyperplanes W; ;. ]

We now define the hyperplane arrangement A for
ker(Gg.1), as follows.

A:={W;;|1<i<ji<¢—q} (7)

We note that some hyperplanes may coincide, so .4 con-
tains at most (7,7
balancing with distinct entries if and only if z € ker(G 1)\
UA. As stated in Section II-B, the arrangement A parti-

tions the space ker(Gy 1) into r(A) separate regions.

Remark II1.13. Note that ker(G,1) is a subspace of

R =9 with a basis (given by the columns of B, 1) consisting
i 2 ;
of rational vectors. Hence ker(G,,) N Q% ~9 is dense in

) elements. By Lemma III.12, x is

_—

ker(Gg.1) in the topological sense. Let R € R(A) a region of
the arrangement A (defined in Eq.(7)) consisting of some
balancing vectors, and let p € R. Since R is open and
connected in ker(G, 1) and ker(G,1) N Q7 9 s dense in

—

ker(G,1), it follows that
RN @‘12“1 #+ &.

Thus there exists a rational balancing vector pg € RN
2
Q9 1.

It can be shown that each region corresponds to a unique
feasible permutation.

Theorem 111.14. Consider the hyperplane arrangement
A (Eq.7) with the set of its regions, R(A). Then:

r(A) = |R(A)| = |®,.2|

Proof. Let Ry, 1 < k < r(A) represent the k-th region
of R(A). Each region P is a connected component of

—_—

ker(G,1) \ UA, and by Lemma II1.12, each point p =
(P1,.-..Pg2—4) € Rr is a balancing vector.

Each hyperplane W, ; divides the space into two half-
spaces, r; < x; and x; > x;, it follows that, depending
on which side of the half-space fR;. is located in, we have
either p; < p; or p; > p; for all p € R;. Since the region
Ry is bounded by the hyperplanes W; ;, 1 < i < j < ¢°—q.
the components of the balancing vector p € Ry satisfy in
the specific linear order. In other words:

do. € qu_q, S.t s Por(1) < Pop(2) < + -+ < Por(g2—q)-

(8)
In general, the components of every point in R, follow the
same linear order (8).

Based on Remark II1.13, there exists a rational bal-
ancing vector pg € Ri corresponding to p. This pg has
the same order (8). Then, according to Remark II1.2
(part (2)), by first adding a suitable positive scalar vector
to eliminate negative entries and then multiplying by a
suitable positive integer to clear denominators, we obtain
a non-negative balancing vector x € (N U {U})qa_q that
preserves the strict inequalities of the order (8). Hence
there exists a feasible vector x such that

Xo1(1) < Xop(2) < -+ < Xoy(g2—q)-

Consequently, by Definition I1.7, we can associate a unique
permutation 7, = o, ' to Ry as the feasible permutation
satisfying x = ;. Thus each region in R(.A) corresponds
to a unique feasible permutation in ®, 5.

Conversely, if m € ®, 5 is a feasible permutation, then

there exists a feasible vector x such that x = w. By
Remark II1.2 (part.(1)) and Lemma III.12, this implies

that x € ker(G41) \ UA, and thus x belongs to one
of the regions. Therefore, there exists k € [r(A)] such
that x € R,. Therefore, we conclude that there exists a
bijection between the set of regions R(.A) and the set of

feasible permutations ®, 5. Hence, we have:

[R(A)| = |@,.].
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]
Remark II1.15. Theorem III.14 can also hold for { > 2.

As we mentioned, W; ; is a linear hyperplane of dimen-

sion ¢ — 2q in the real vector space V = ker(G,.1). Since
V' has d]].’I]EIl"E-]DI] q> —2q+1, it is isomorphic to the vector
space R —24+1_ In what follows we will obtain the form of
W; ; as a linear hyperplane in R —2¢+1 and denote it by
Wi . i Assume that d; is the i-th row of base matrix B, ;
(i € [¢*> — q]). Then, the i-th component of z = B, a’,
ie. x;, is equal to d;al Therefmre Hﬂ  1is isomorphic to
the linear hyperplane in RY’ Eq"‘l, i.e., W/ ., defined as

follows:
W, :={a €RI 2+ | (d; —d;)aT =0}.  (9)

In other words, W ; represents a hyperplane with a normal

vector d; — d; and zero offset in the RY —2¢+1 We define
=Wz | L= 12 J's g — q}. Then, A forms a
central hyperplane arrangement in qu‘g‘i’"'l, dimension

qg —2q + 1. It can be shown that the number of regions in
A and A are equal.

Lemma IT1.16. Let A and A be hyperplane arrangements
{:ﬂn-;isting of hyperplanes W; ; (as defined in Equation 5)
and VV ; (as dFﬁan in Equation (9)) in the vector spaces
ker( Nq 1) and RY —2a+1

r(A).

Proof. Consider the map T :
defined as follows:

, respectively. Then we have r(A) =

ker(G,,) — R —2a+1

T(z) = (01, .. ,02—2041) € RY ~20+1 vz € ker(Gyq.1),
where z = (ou,...,Qq2_ 2441, f{, f3,---+ f4—1), 83 defined

in Equation (4). Since
z €ker(Gy1) = {B, 10T |ac qu'zq"'l},

each vector a = (a1,..., (g2 _2441) corresponds uniquely
to x. Hence T is buectwe Additionally, ker(G,.1) is
a linear subspace of R? =4 and we have T(ecx + y) =
cT'(z) + T'(y), which implies that T is a bijective linear
transformation between two ﬁnlte-dlmenamnal topological
vector spaces ker(G,.1) and RY —2¢+1 Now, consider the
hyperplane W; ; in ker(@ a.1)- We have:

T(W;,;) ={T(z) | z € Wi}
={T(z) | = (@1, g2 _2g41, [T+ -5 fg-1);
Fe—it: = 0}
=Ja= (. Qg2 2g41) | dic’ —dja” =0},

where d; is the i-th row of the base matrix B, ;, and z; =
d;a’. Thus,
T(Wi;) = {a € RY ~20*1 | (d; — dj)aT = 0} = W

SmceA'—{Wullf_i < j < ¢? —q} it follows that
T(A) = A = (W, |1<i<j<q

— q}. Finally,
applying Lemma II. 12 yields r(A) = T(Ar). [

C. Numerical Results

In this section, based on the stated theorems, we outline
the computational steps and present an algorithm for
enumerating the number of feasible permutations for an
alphabet of size g and ¢ = 2. We begin by constructing the
base matrix B, ; for the null space ker(G, ), correspond-
ing to the De Bruijn graph émh following the approach
described in Section III-A. Then we consider arrangement

.r‘_- ! = ¥ 9
A _{Wt’?j! IEI{J i:q —q}EWhEI'E

W, ={a €R? 2+ | (d; — d;)aT =0},

and use Zaslavsky’s formula, as stated in Theorem II.11,
to compute r(A'). By Lemma II1.16 we have r(A') = r(A)
and by Theorem I11.14 we have 7(A) = |®,2|. Finally, to
compute the total number of feasible permutations F, 2,
we use Lemma III.6 for the caabe ¢ = 2 which implies
that F,» = [®,o| = [@qﬂ(q I Based on the expla-
nations above, we outline the cnmputatmnal steps in the
Algorithm 1. By applying Algorithm 1 on a system with

Algorithm 1 Enumeration of the Number of Feasible
Permutations
Input: ¢, the base matrix B, (section III-A)
Output: the number of feasible permutations F, o
1: for 1<i<j<g¢’—gdo

2:  Calculate the difference between all rows d; and d;
of Beq:;
i Furm arrangement .fil which includes at most

(q _q) hyperplanes W. . with normal vector d; —d;

1.7
and zero offset;

4: end for
5. Using Zaslavsky’s formula (Theorem II.11), enu-
merate the number of regions of A as r(A) =

Z (_1)|E|—Tﬂﬂk{E];

BCc.A’
B central 2'
, q°!
6: return F,» =1r(A).
i (¢ — q)!

a HPZ840 processor and 128 GB of RAM, we determine
the number of feasible permutations, F; 5, for ¢ = 3 and
g = 4, as presented in Table I. Since the computational
complexity for ¢ > 4 is high, we present a lower bound for
F, 2, which is discussed in the next section.

IV. A LOWER BOUND ON F, 2

To establish a lower bound for F, 5, we analyze a sub-
arrangement B of the arrangement A By computing the
number of regions associated with B, we obtain a lower
bound for F, 5.

Notation: For simplicity, in the remainder of this paper,
we set m 1= g% — 2g + 1.

Before presenting the main content, we introduce some
symbols and notations. According to Equation 4, any
balancing vector x is of the form:

=By s
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TABLE I
THE NUMBER OF FEASIBLE PERMUTATIONS FOR q = 3,4 AND £ =2
q 3 4
r(A) 60 34919088
F, 30240 1525265763840

where f/, t € [¢—1], is a degree one multivariable polyno-
mial in the variables z,,...,z,, (denoted by (z;,...,z,))-

Definition IV.1. Let f € (xq,...,z,,). The weight of f

is defined as the number of non-zero terms in f, and is
denoted by n(f). Furthermore, we denote the set of indices
of the terms in f with negative coefficients by C; , and the

set of indices with positive coefficients by C}".

For example, for f} = x4—r9+710—T13+T14—T15+T16,
we have n(f) = 7. Additionally, C} = {4,10,14,16} and
Cr =19,13,15}.

Proposition IV.2. The weight of the polynomial f; is
given by:
n(fy) =2(¢-1)(g—t)+g—(t+1))+1
=2(t(q—1t)— 1)+ 1, Vitelg—1].

Moreover, we have

-+ :ﬂ(ff)—]. 1 = :ﬂ(ff)_l
Cpl == 11, jop = U =2,
Vte|g-—1].

Proof. Based on the construction method presented in
Section III-A, f; corresponds to the directed edge et ;41
in the spanning tree T'. Assume that the nodes of T are
labeled as v;, for i € [g]. The number of nonzero terms in
fi is corresponding to the number of the fundumental cy-
cles containing e; ;11 = (v¢, v¢41). The number of directed
paths in 7" that start at nodes preceding v; containing
e:.1+1, along with their reverses is 2(t — 1)(¢ — t), and
the number of paths starting at v; and ending at the
nodes following v, and their reverses, is 2(qg — (t + 1)).
Furthermore, there is one fundamental cycle associated
with the directed path e;;; ;. Therefore, the number of
all fundamental cycles containing e; ;41 is 2(t —1)(g—1t) +
2(q — (t + 1)) + 1. Moreover, since

.
Ba1 = [ Iywn | D ]

and according to Remark II1.9, we can conclude that:

e (-1 () -1
Icfl_ 2 _l_]"J |Cf|_ 9 .
]

Recall that the arrangement .A consists of the following
hyperplanes:

’

158 S ni, (A)

1<i<m, 1<j<qg—-1 (B)

14,5 <g—1 (C).
(10)

Ii—Ij:O
ufiq_ff:{]

LN

Since determining the total number of regions of A is
challenging, we give a lower bound on the number of
regions of the sub-arrangement B, where B is

Iy — &Iy =}

mi—ffzﬁ
For1<k<mand1l<t<g-1, weset fi; =z — f/.
Clearly

L5 5< § 5 1m,
l<i1<m, 1<5j=<g—L

(11)

B=Bn,U{fi:=0]|1<k<m, 1<t<q-1}, (12)

where B,, is the braid arrangement
By =fmi—m=0] 1< 1<j =m}
Remark IV.3. The weight of fr: is given as follows:
a(f7) - 1,

n(f{),
n(f)+1,

More precisely, according to Proposition IV.2, fi.; has the
following forms:

kECE
kEC&
k€ [m]\(CraUCh).

n(fet) =

fee= 2 Ti— 3 T
icct eCT
chﬁz_t jEE-f.l.:__t
q
. + s - 5 n(ft ) = 1
if IC} |= |Gf.l:__t| = - : (1)
.fk._f et Z £y +2Ik — Z IJ-.
'!I _l+ H ] s
Erfkrtx{a} JEC-fk._t
q q
; + _n(fy) -1 - _“(ft]_l
lf IG.”&:,E' - 9 :|cfk_t| - 9 e 1: {’_”')
fep= 2 T:— 3 T
4 —
tEC'ij_ jEE_fk__
q
; + = - - n{ft } = 1
if IC}, ,1=IC;, |= ——+1. (1)
(13)

In what follows, we will give a lower bound on the
number of regions of the sub-arrangement B. To do this,
let m € S), correspond to a region of the braid arrange-
ment B, (Corollary 11.10). We compute the regions that
frt = xzr — f/ = 0 passes through them. In this regard,
first we count the number of regions it does not intersect.
We restrict ourselves to the cases (I) and (III) in (13),
where n(fy ;) is even. For the case (II) in (13) we give a
conjecture and present some numerical results to confirm
our conjecture. We denote by aj ¢+, the number of regions
of the braid arrangement B,,, that is intersected by fi.+ = 0
and those which is not intersected by fi; = 0 with @y ;.

Proposition IV.4. If the polynomial fi.; has n(fi;) =
20y + (cases (1) and (III) in (13)), then it does not pass
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through the region R € R(B,,) associated with the per-
mutation m, if and only if one of the following conditions

hold:
1) 3§: Cf | = C.E,: : 77 1(a) < 771 (f(a)), Va € Cs .

(14)
2):3 § Cr.. =3 C};J : 7 1(a) > 771 (f(a)), Va € Ce ..
(15)

Proof. Based on Corollary 11.10, each region R € R(B,,)
is associated with a unique permutation m € S,,, that
preserves the relative order of the components of the points
r = (x1.T9,...,T,,) within R. Assume that the relative
order is given as follows:

(16)

Clearly, z; < z; if and only if 77" () < w~'(j). The
hyperplane fr: = 0 does not intersect with R if and
only if there exists no point with order given in (16) that
satisfies the equation fr; = Y x;— > x; =0, where

Tr(l) < Tr2) < -+ < Tx(m)-

iEE}_k__g jECJ:k,:
|Cﬁi| =] f_“| = (i +. Consequently, we have:
2. T < )z,
i€Cy, | jeﬂ}fk:t

fet#0 < [(or

D) Ti> ), T
. E_ . +
" Tt jchk._t

It is clear that these inequalities hold if and only if one of
the following conditions hold:

1) 3f: C,, = Cf,,: m7(a) <77'(f(a), Ya € C},,

(17)
M, s s -
2) A §: ke * C_?';Lt : 7 (a) > 7 (f(a)), Ya € fi.t
(18)
as desired. [

To continue, we need to recall Catalan numbers. The
n-th Catalan number C),, represents the number of binary
sequences of length 2n that contain exactly n zeros, such
that, at every position 7 (where 1 < i < 2n), the number
of zeros is greater than or equal to the number of ones.
The n-th Catalan number is given by:

1 o
O = (”)
n+1\n

Moreover, we denote the set of Catalan sequences of length
2n, by DP(n). The following lemma is the key. We denote
by nj+ the integer n(fy ;).

Lemma IV.5. Let X be a set of positive integers of size
2n. Then the number of partitions of X into two subsets A
and B of size n such that there exist a one to one function

f:A— B for which a < f(a), for all a € A, is equal to

Cn.
Proof. Let P be the set of partitions P = {Ap, Bp} of X
with |Ap| = |Bp| = n and there exist a one to one function

10

fp: Ap — Bp for which a < f(a), for all a € Ap. Define
the function

[':P — DP(n)

such that I'(P) = a) where EEP} = ( for : € Ap and

a\") =1 foric Bp. We show that I' is a bijection. We

1
only prove that a') € DP(n). The remaining parts of the
proof are easy and we omit them. To show that a(f) €
DP(n), we need to show that for an 1 < i < 2n, the
number of zeros of a'*) till the i-th position, is greater
than or equal to the number of ones till i-th position. To
contrary, assume that there exists 1 < r < 2n such that
the number of zeros of a(F) till the r-th position, is less
than the number of ones till r-th position. This means that
the number of zeros of a'F) from the (r+1)-th position till
the last position, is greater than the number of ones from
the (r + 1)-th position till the last position. Since fp is a
bijection, we can conclude that there exist t € Ap where

t > r+1and fp(t) < r. This contradicts the condition
t < fp(t). N

Theorem IV.6. Let ni; = 20, (cases (I) and (11I) in
(13)). Then we have

Ort — l)m'
e +17

Proof. To calculate oy ;, we compute aj,, that is; the
number of regions of the braid arrangement that f; = 0
does not passes through them. Let m denotes the per-
mutation corresponding to a region of the braid arrange-
ment. According to Proposition 1V.4, 7 must satisty one
of the conditions (17) or (18). Clearly, the number of
permutations which satisfy (17), is equal to the number
of permutations which satisfy (18). Hence we calculate the
number of permutations satisfying (17). Since ng ¢ = 201 4,
we have |C;;‘E| = |C}, .| = fk,t. Hence, we first need to

O+ = (

choose ny ; values of m on Cﬂ_t U Cﬂ_t and then partition
this set into two subsets A and B which satisfy Lemma
IV.5. Also we need to have m(A) = A and n(B) = B and
the other values of m permutes freely. Hence the number
of permutations which satisfy (17) is equal to

m
) B | =
() st Co m = i)t = 7

Consequently (considering (18)) we have

m!

B 2m!
C la+ 1

[ ¢

k: - ? : I ] ? 1, | ] =2

as desired. [

Now, we consider the case (II) in (13) and give a
conjecture for ay ; in this case. We start with the following
definition.

Definition IV.7. For eachi € {1,..., 2n — 1}, define

o &

Tr(n,i) = |{s € DP(n) | s; = s;41 = 0},
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11

TABLE 11
Tr(n) FOR 2 < n < 13
n 2 3 4 5 6 T 8 9 10
Tr(n) 1 5 21 84 330 1287 5005 19448 75582
n 11 12 13
“Tr(n) 203930 | 1144066 | 4457400

as the number of Catalan sequences in which both positions
i and i+ 1 are zeros. Moreover, define Tr(n) as

2n—1

Z Tr(n. 1)

i=1

Tr(n) :=

(n—1)C

T
5 . Moreover.,

Conjecture 1. We have Tr(n) =
if gt = 20 + 1 then we have

Applying a computer search, Table I presents the com-
puted values of Tr(n), for several values of n.
The following proposition now provides an important

role to establish a lower bound on r(B).

Proposition IV.8. We have

-1

E g -

1 k=1

W2

T(E‘) > m! +
t

(19)

Proof. The proof follows from the fact that when an fi ;
passes through a braid region, the number of regions is
added at least by one. ]

We have determined the value ay ¢, for all k except those
in C ;‘? which we made a conjecture on those values. We can
t

now summarize all the results in the following theorem.

Theorem IV.9. We have the following two inequalities:
(I) For all values of q, we have

i tg—1t) — 2
rB) zm | 1+Y | Y ((‘i(q_)t) )

(fe=2-1)))-

, g
ke[mI\(C7aUC q)

(IT) For g > 5 we have

~ !
riB) = (T_Q) (5¢° — 18¢° + 25¢ — 11) .

Proof. The proof of the first part follows from Proposition
V.8 and that when k € C'}; we have £ ; = t(q—t)—1 and

when k € [m] (C}'} U Cyq) we have lx; = t(q —t). The

proof of the second f;}art follows from Proposition IV.8 and

the fact that when g > 5 both t{ﬂ;i_}z and ig::g;} are

greater than or equal to 1/2.

Remark IV.10. The following lower bound on F, s is
given in [1, Corollary 3/.

Setting J(q) := (¢* —2q+1)(¢?)!/(q*> — q)!, we can rewrite
(20) as

(20)

F.y> J(g) ((q’:’ —2q+2)(g— 1)) | (21)

g+1

Consequently, this lower bﬂu:g,d is Q(g?J(q)). On the other
!
hand, using F, o = r(A). i - and the fact that r(A) >

T(E’) we conclude that

Foz 2 1(B) oy

Now, Part (II) of Theorem IV.9 and (22), gives us the

following new lower bound on F, 5.

(22)

5g% — 182 + 25g — 11
g A ) (23)

Clearly, our lower bound is Q(q>J(q)) and this shows that
our bound is an improvement over 21.

Table III, presents a comparison between the lower
bound on F, 2 obtained from Part (I) of Theorem 1V.9

and (21), for some values of g and ¢ = 2.

V. CONCLUSION

In this paper, we investigated feasible permutations
(rank modulation codes) in the context of DNA data stor-
age using the shotgun sequencing method. Specifically, we
considered these codes for arbitrary alphabet size g (¢ > 2)
and sliding window length ¢ = 2. By employing hyperplane
arrangements as a geometric framework, we analyzed the
number of regions formed by these arrangements in a
special form. We then established a correspondence be-
tween the regions of the hyperplane arrangement and the
codewords of the Rank Modulation code, and based on this
equivalence, we proposed an algorithm to enumerate the
size of the code, denoted Fj,>. Additionally, we derived
a lower bound on F,2 and show that our bound is an
improvement over the existing bounds in the literature.
An important direction for future research is to extend
the proposed methods and analysis to larger window sizes

i
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TABLE II1
COMPARISON BETWEEN THE LOWER BOUND Lg ON Fy o PRESENTED IN THEOREM IV.9 AND THE LOWER BOUND Lj GIVEN IN [1] FOR £ =2

Lq

Ly

3,701,376 x 43,680 = 161,676,103,680

2.177.280 x 43.680 = 95,103,590,400

4.12763292469592064 x 1021

1.5118138443792384 x 1021

[=x] L} EN g

1.507246729222722780827970699264 x 10°°

4.03985767706081199846221414400000000 x 10°°
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